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1. Introduction 

We have big heritage of equalities on hypergeometric funcitons, which can 
be used for showing many equalities for multiple zeta values. This method 
can be also applicable for showing relations between coefficients of associators 
using the theory of $-cohomology. A $-cohomology is equipped with two 
realizations B, dR and a comparison map described by the given associator 
$. Brown [B] used certain relation between multiple zeta values to show the 
injecctivity of the homomorphism from Motivic Galois group to Grothendieck- 
Teichmuller group. This relation was proved by Zagier [Z], which we call 
Brown-Zagier relation. After his work, Li [L] gave another proof of Brown- 
Zagier relation using several functional equations of hypergeometric series. 

In this paper, we show that Brown-Zagier relation holds also for the coef- 
ficietns of any associators. In the paper [L], he proved Brown-Zagier relation 
using Dixon's theorem which is equivalent to Selberg integral formula. The 
Selberg integral formula arises from symmetric product construction, which 
does no exist in the category of moduli space. Even in this case, we can con- 
struct isomorphism between $-local systems using descent theory. The main 
theorem is steted as follows. 

Theorem 1.1. We use the notation for coefficients (<s>(ni, . . . , n m ) of an 
associator $. Then we have 

a+b+l 

C (2 a ,3,2 fe ) = 2 (-l) r c r a ,6C$(2r + l))a(2 a+& - r+1 ), 



r=l 



where 



2r J_sf 2r 

c a,b \2a + 2 1 2 2r> \2b + l 



Since the generating series of motivic multiple zeta values satisfies the 
associator relation, we have the following corollary. 

Corollary 1.2. The same relation holds in the coordinate ring of mixed Tate 
motives. 

The above corollary gives an another proof of a result of Brown. 

Notation 1.3. The product of Gamma function T(ai)T(a2) ■ ■ - r(a n ) is de- 
noted by r(<22, ci2, • • • , a n ) for short. 
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2. Differential equations and generating functions 

In this section, we recall outline of classical theory of hypergoemtric func- 
tions and Gauss-Manin connections. 

2.1. Differential equation and iterated integral. Let iV* be a C((eo, ei)) 
left module. The action of eo and e\ on N* is denoted by Pq and Pi, Let 
Ojj be the ring of analytic functions on an open set U in P 1 - {0, 1, oo}. We 
define a map P : N* <g> O an ^ N* (g) Q} an 



N* —7- N* (8) ( — , -^-) : u ^ P(x)u 
X x — 1 

where P(x) = Pq — + Pi-^zj- There exists a unique local solution & u (x) of 
the differential equation d$>(x) = P(x)<&(x) for End(N*, iV*)-valued analytic 

r 

functions such that = idy. It is denoted by exp( / P). For any solu- 

J u 

tion of the differential equation dV = PV for End(N*, iV*)-valued functions, 
we have 

fX pX fX 

V(x) = (I+ P+ PP + ---)V(u)=exp( P)V(u) 

J u J u J u 

I 

for t G R, < to < e. Fora path 7 from u to u', exp(f u P) depends only 
on the homotopy class of 7, which is denoted by ^(7). Then p defines a left 
7ri(A^4)-module on iV*. 

2.2. Differential equation of Gauss hypergeometric functions. In this 
section, we recall the differential equations satisfied by hypergoemtric func- 
tions. 

2.2.1. We define hypergeometric function by 

n=0 

where (a) n = a(a + 1) • • • (a + n — 1). The hypergoemetric function has the 
following integral expression. 

B(a,c-a)F(a,b;c;x) = [ t a_1 (l - ^""^(l - xt)~ b dt. 

Jo 

2.2.2. The differential is denoted by D = -J^. We define a matrix Vq = 

(vij)i<i,j<2, where 



(o) _ c T(b-c,l-b) 

12 X — fTl - c) — F \ h -^ a -^ 1 -c;x), 
v 22 =-xD(v 12 ), u£? = -xD(vu) 
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Let P be a matrix defined by 

(2.1) P=^P Q + ^-P 1 

x x — 1 

where 

(0 a \ f 

Then the matrix Vo satisfies the differential equation 

(2.2) dV = PV. 
Let V± be matrix defined by 

v{\ } = r r /°: 6 " C) M a, b- a + b - c; 1 - x), 
r (a + b — c 



-(1 - x) c " a " 0+1 -p- r^Fic + 1 - a, c+ 1 - b; 2 + c - a - 6; 1 - x) 



_m _ ^c-a-b+i r ( c + 1 -M- 6 ) 
r(c + 2 - a - 6) 

4 2 } =-xD(«i 2 ) uff = -a-D(un), 
a a 



Then Vi also satisfies the differential equation (12. 2|) . 

2.2.3. Connections and differential equations for coefficients. Let iV* be the 
vector space generated by cj^,a;|, iV be its dual and ui,u 2 be the dual basis 
of wi, w 2 . We define a linear maps V : iV -»■ JV ® (fs and V* : iV* — )• 

iV*®(f by 

(2.3) v(^ 1 )=P / 



W 2 / \0J2, 

u* 2 ) = -{ut u* 2 )P 

The map V* can be extended to a connection on the iV* <g>C[x, -, — zj], which 
is also denoted by V*. We use the following identification 



fl{x)u{ + f 2 (x)U2 



f2(x) 



fx(x)dx\ _ d f fi(x)\ _ p ( f x {x] 



Then we have 



J 2 {x)dxJ \f2(x)J \f2(x) 

on iV* g) C[x, -, -zhf]- Let 7 be an A r *-valued analytic function. Using the 
pairing ( , ), 7 is written as 

7 = (7, + (7, UfcM = ^| 

Therefore 7 is a horizontal section for V if and only if 



d =p ( (7,^i) 
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2.2.4. Hypergeometric function and its integral expression. By the integral 
expression of hypergoemetric functions, the matrix elements of Vo is written 

as 

(2.4) vl!' = / U^V^ = Wl,U22 = / W2,v$ = W 2, 

•J 71 ^72 ^71 ^72 

(1) /" (1) /" (1) /" (1) f 

J 7 f J 7 # J 7 f J 7 # 



where u±, uj 2 are the relative twisted de Rham cohomology classes defined by 

bxdt 
i(l — xt) ■ 



rdt, r bxdt 1 

(2 - 5) Wl = M' W2= fe^' 



and 71 , 72 be twisted cycle defined by 

(2-6) 71= [t a (l-ty- a (l-xt)- b ] [0A] , 

l2 =[t a {t-iy- a {xt-i)- b ] [hoo] 
^ = [(-tm-ty- a (i-xt)- b ] [ _ ooM 
1 * = [t a (t-iy- a (i-xt)- b ] [1 ± ] 

We have the following equality of cycles. 

(2.7) s(c) 7 f =s(c - a) 7 i + 3(6)72, 

s(c — a — 6)71 =s(c — 6)7* + s(6)7 2 . 

t / \ 1 sin(7rz) AT 
where s(z) = = . Let J\ be the vector space generated 

r(z)r(i — z) % 

by ui,u)2- Then the Gauss-Manin connection is given by the map ( 12 .3|) . Under 
the comparison map, 71,72 defines a horizontal iV*-valued analytic map on 
(0, 1). By the expression 12.41 we have 

1 
) 

1 



lim 71(e) =B(a, c — a + 1 , 



lim (e c 72 )(6) =5(6 -c, 1-6) 

£—► + 

2.3. Gauss-Manin connection and horizontal section on the daul. 

2.3.1. Dual differential equations. We construct solutions of the dual differ- 
ential equation around 1. We define a matrix W\ = (wij)i<i,j<2 by 

r(-a,c-6 + l) 

Wl1 = tv TTT- TT F (~ a ' -6; c - a - 6 + 1; 1 - x), 

r(c — a — 6 + 1) 

W21 = b + (1 - x)- c+a+b F(a - c ,b-c;l-c + a + b;l-x) 

1 (a + b — c + 1) 

w 12 = — (1 - x)L>(m;ii), w 2 2 = -^(1 - x)D(w 2 i). 
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The matrix elements of W\ is written as 



Vn = / U 1 ,V 12 = / UJ 1 ,V 2 2 = / W 2 ,U 2 2= / W 2 , 
'7i ^7:2 Ai* ^72 



3-8) «I=[ T ], "5 = [Vr^L 



where u\, a; 2 are 

* r (a?-l)dt- 
(1 - art) 

and 7^ , 72 are 

Then the matrix W\ satisfies the differential equation dW± = — W±P. There- 
fore we have 

W 1 = W 1 (t 1 )exp([ 1 P). 



2.3.2. Duality and exponential map around 1. Let V\ and W\ be matrix de- 
fined in §2~21 SSED Since 

tH^W) = -^Vi + Wx— - = -W 1 PV 1 + W 1 PV 1 = 
ox ox ox 

the matrix W1V1 does not depends on x. By considering the limit for x — > 0, 
we have 

( sja+b-c) q \ 

aS(_a !f (b - C) s(c-a-6) 1 = D l 
as(a — c)s(b) / 

and as a consequence, we have 



V 1 (y)D- 1 W 1 (x)=exp F P. 

J X 



2.4. Generating function of multiple zeta values £(2, . . . , 3, . . . , 2). We 

specialize to the case c = 0, a = —b. Then the matrix Pq, Pi of ( 12. ip becomes 

(2.10) P„=f° »Vp /0 ° 



Using the limit computation of the last subsection, we have 



(s(a) 0) V (x) Q = (1 0) exp( jT P) Q = P 



(a, —a; 1; 2) 



Proposition 2.1. Let Po and Pi 6e matrices defined in A2.10\) . 

(1) Por / = (ii, . . . , i n ) G {0, l} n , we define Ej = P^ ■ • • Pi n . Then we 
have 

'l\ _ fa 2n i/J = (10) n 
,0/ I otherwise. 



(l,0)Pj 
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(2) Let <p(eo,ei) be an element C((eo,ei)) given by 



(2.11) i P (e ,e 1 ) = J2 E 

n>0i 1 e{0,l},...,i Tl €{0,l} 

where c^,. i„ £ C. T/ien we have 



Ci 1 ,...,i rL ^i 1 ■ ■ - Gi r 



(2.12) (1, 0)<p(P , PO (J ) = 1 + E c (0 i)na 



2n 

-(01)" « 

2 _ p2 



Proof. This is an easy consequence of the equalities Pq = P{ = 0, and 
PoPl = ( o) ' PlPo = (o a 2 ) • 

Since V(x) is expressed by using iterated integral, we have 

F { a, -a; !;*) = (! 0) £ /V * + P,-^)" Q 



n=0 

OO 







n=0 ' 

by Proposition I2.1[ By setting x = 1, we have 



f [\^J^ra*" = F(a, -a; 1; 1) - Sin(7ra) 



7ra 



by the equality (??). Similarly, we have 



SC-a.a+l)- 1 ^ 0)W 1 (x)Q = (l 0)exp(^ P) Q =F(-a,a,l, 



and it is equal to 

00 „ 1 



Ef du du . 
J T u u - 1 



m^2m 



m=0 x 

We have the following proposition. 
Proposition 2.2. VFe set 

(2.13) 0(O,6) =ff [\^J}!_ r du { duJ^_ ra 2n b 2rn 

I- u u — 1 it u u — 1 



m=0 n=l 

TTien we Ziave 







f 1 dw 
fa, 6)= / F(-b,b, 1,1 -w)(F(a, -a, — 
Jo w 
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Proof. By the definition of iterated integral, we have 

1 , du du .^du.du du , „ 

( 7) — 7) 

u u — 1 u u u — 1 



lr /•! 



du du . 
u u — 1 



dx 



x 



x 



dv dv . 
v v — 1 



dx. 



By taking the generating function on m and n, we get the proposition. □ 
Remark 2.3. Zagier showed that 0(a, 6) is also equal to 

(2.14) ^MA| z=Q 3 F 2 (a,-a,z;l + b,l-b;l). 

no dz 

In 521 we show that associator versions of the formal power series h2.13) and 
( OOjp coincides. 

3. Associator and Hopf algebroid 

3.1. Fundamental algebroid of moduli spaces. We recall the structure of 
Hopf algebroids A n ,dRi A n ,B of the moduli space M. n = A^o,n of n-punctured 
genus zero curves in this subsection. 

Definition 3.1. We define the set of tangential points T n ofn points in genus 
zero curve as the set of planer trivalent tree with n terminals. For example 



T4 = {01, 10, Ooo, 00O, loo, ool} 
Thus #T 4 = 3x2, #T 5 = 15 x 4, etc. 

Then we can define the pro-nilpotent algebroid A n ^dR, A u ^b over the set 
T n as follows. 

Definition 3.2. For two points a, b G T n , the bifiber of the algebroid A n ^dR = 
{A n ,dR, a b}ab is defined as the following generators and reltaions. 

(1) (Genrators) tij with 1 < i < j < n. We use the notation t^ = tij for 
i < j. 

(2) (Relations) 

(a) [tij,tki] = 

(b) [tij, t ik + tkj] = 

(c) E i9 **« = o 

Then A n ,dR is the completed de Rhan fundamental group algebra of M n and 
has a standard coproduct A(t^ ) = t ij (g) 1 + 1 (g) t^. 

Definition 3.3. (1) Two tangential base points a, b £ T n are adjacent if 
it can be transformed by elementary change H I. 

(2) Two tangentail base points a, 6 £ T n are neighbours if it can be trans- 
formed by twisting with respect to a edge. 

(3) A Uj b = {A nj B,ab}ab is a pro-nilpontent algebroid generated by two 
type of generators: 

(a) path pab connecting two adjacent tangential base points. 

(b) small circle c a b connecting two neibours. 
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(c) Relations on A n> B ar e generated by 2-cycle relations, 3-cycle re- 
lations, 5-cycle relations. 
Then the A n ^B is the completed groupoind algebra of A4 n . 

Definition 3.4. ( Category C ) We define the abelian category C as follows. 
An object V of C is a triple (VdR, Vb,cv) consisting of 

(1) Q-vector space VdR, 

(2) Q-vector space Vb, and 

(3) an isomorphism Vb <8> C ~ ® C 

Sometimes one consider profinite version. In this case, Cg>C means the com- 
pleted tensor product. Morphism form f : V — >■ W is a pair of morphisms 
fdR '■ VdR — » WdR and /s : Vb — > Wb compatible with the comparison maps. 
The category C becomes a tensor category by tensoring each dR and B com- 
ponents 

Definition 3.5. We define the category M in f be the category whose objects 
are Ai n and morphisms are generated by infinitesimal inclusions. 

Definition 3.6. We can define two functors AdR, Ab '■ M in f — > HopfQ from 
M m f to the category of Hopf algebroids by attaching de Rham fundamental 
groups and Betti fundamental groups. 

3.2. Choice of coordinate. Let C be a genus zero curve and P = (C, p±, . . . , p n ) 
(pi G C) an element in Ai n . We choose a coordinate t of C such that 
t{j> n -2) = 0,t(p n _i) = 0,t(p n ) = 0. Using the coordinate t, Ai n is iden- 
tified with an open set of A n_3 defined by 

{(xi, . . . , x n - 3 ) | Xi ^ xj for i ^ j, Xi ^ 0, 1 for all i} 

by setting Xk = t(pk). This coordinate is called the distinguished coordi- 
nate. By taking the distinguished coordinate of A^4, the underlying curve is 
identified with P 1 — {0, 1, oo}. 

Definition 3.7 (admissible function, admissible differential form). (1) Let 

S = (z, j, k, I) be a ordered subset of distinct elements in [1, n] . For an 
element P = (C,p\, . . . ,p n ) be an element of M. n . There is a unique 
coordinate t of C such thatt(pi) = 0,t(j)j) — l,t(pk) = oo. The value 
t(pi) atpi gives rise to an algebraic function on Ai n , which is denoted 
by <ps- The set of admissible functions is denoted by Ad(A4 n ). 
(2) Let Xi, . . . , x n — 3 be the distinguished coordinate. An element in the 
linear span of — , dXi , , d ^ Xl — is called an admissible differential 

X j X j — J_ X >i — X j 

form. 

Remark 3.8. (1) ip G Ad(M. n ) defines a morphism Ai n —> M.^. and a 
morphism of algebroids A n — > A4. 
(2) If S n{n — 2,n — l,n} = 0, using the distinguised coordinates of Ai n , 
we have 

(xj - xAixi - x k ) 
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Therefore <pg is invariant under substitutions i •f-)- l,j <->• k and i -h- 
j,k+* I. 

(3) The following functions are admissible functions. 

Xi [Xi — 0)(Xj — OO) (Xj — Xi)(oo — 0) 

Xj (Xj — 0)(Xj — OO) ' Xj (Xj — 0)(00 — Xj) 

= (l-x,)(oo-0) 
Xl (l-0)(oo-x,) 

Proposition 3.9. TTie set of functorial isomophisms from Ab®C to AdR®C 
sending small half circle log(cij) to nitij is identified with the set of assoica- 
tors. The one to one correspondence is given by 

A,s,oT,To 3 [0, 1] $ G A dRA = C((e , ei)> 

7 r 7 r r ■ e dx dx . 

Here eo and e\ are the dual basis of uq = — and uj\ = , respectively. 

x x — 1 

By the above proposition, we have an isomorphism of Hopf algebra 

C<J.,n : A n ,B <8> C ^> A n ,dR ® C. 

associated to a given assoicator $. This isomorphism gives an object A® = 
{A n ,dRi A n ,B, c$, n ). The isomorphism c$ jn is called the ^-comparison map. 

Proposition 3.10. (1) Let 3 < m < n be integers and f morphsim de- 
fined by 

f : M n ->■ M m : (xi, . . . , x n _ 3 ) -> (xi, . . . , x m _ 3 ) 
T/ien for * = cLR, £?, t/ie induced maps of algebroids 

are compatible with the ^-comparison maps. 

(2) Let 3 < m, n 6e integers. Then a morphsim 

f : .M n+m _ 3 ->■ -M n x Mm 
(xi, . . . , X n _ 3 , ... , 2/ m -3) (xi, . . . , x n _ 3 ) x (y l5 . . . , y m _ 3 ) 
induces a morphism of algebroids 

f ■ *A.n+m— 3 ^ -^n ® «4-m 

(3) Let 3 < m < ?ii,7i2 &e integers. Then the natural morphsim 

f ■ M ni x Mm M n2 -»■ Af ni x .M n2 
induces a morphism of algebroids in C. 

The coefficient of e^e^ . . . e^ fe in c^QO, 1]) is written as Jj ^ . . . u ik . 
We define ^-multiple zeta value similarly. A ^-multiple zeta value is written 

as 



C*(wii,...,m fc ) = / w™ fe_1 u;i . . .u;™ 1-1 ^ 
'[o,i] 



It is a coefficint of the associator $. 
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3.3. ^4-module. Let T be a set and A a Hopf algbroid object in C over T. 
We define the notion of v4-module. 

Definition 3.11. Let M = (M a ) aeT = (M dRya , M B , a ,c M ,a)aeT be an object 
in C indexed by a G T. M is called an A-module if it is equipped with an 
action of A in C 

Hm ■■ A® M ->■ M 

which is associative and unitary. Here action of algebroid is given by a raor- 
phisra 

Aab ®M a ^ M h . 

in C. 

Remark 3.12. Let M,N be A module. Then using coproduct structure of 
A, M ® N is equipped with A module. 

Example 3.13. (1) Let 4 < m < n and f : Ai n — > M. m be the map 

defined by (x±, . . . , x n s) h-> (xi, • • • , x m -^). Then we have an alge- 
broid homomorphism f : A® —> A%. Therefore for a fixed p G T m , 
by setting M a = A® „ we have an A^-module. It is called a pull 
back of the map f . 

(2) By taking an abelianization A^ L ' ah of A®, we have a homomorphism 
of Hopf algebroids 

By choosing a base point p ET n , we have have an A® -module Aust- 
in particular, by using the distinguished coordinate x, A± module 
x a Q[[a]] is defined by taking the base point as 01, 

(3) Let ip be an admissible function on M. n and a formal parameter. The 
morphism M. n — y M.^ induced by ip is also denoted by ip and x be the 
distinguished coordinate of A*. We define A n [[a]]-module 

<p a Q[[a]] 

by the pull back cp* (x Q Q[[a]j) o/x Q Q[[a]]. We define 
( fl ^) Q[[«i, • • ■ > «m]] = V?Q[[ai]]§ " • " ®¥& m Q[[a m ]] 

Proposition 3.14. Let tpi, (i = l,...,m), ipj, (j = be admissible 

functions on Ai n and G Z. We assume that tpj = YIaLi We set 



for j = 1, . . . , I. Then 



ij Oil 



i=l ' ^j=l ' 



as A® module. 
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Let A be an algebraoid in C and M be an ^4-module. We define the dual 
M* of M using antipodal. 

Proposition 3.15 (Descent theory for ^.f-module.). Let M be an Af -module. 
Assume that M dR is constant, i.e. the map 

M dR M dR © M dR 

is the zero map. Then M is the pull back of an object N in C such that 
M = tt*N , where % : Af — > Q is the augmentation map. 

Proof. Let I = ker(Af -»■ Q) be the augmentation ideal. Then we have the 
following commutative diagram whose vertical arrows come from comparison 
maps and are isomorphisms. 

lB,ab 

I I 
IdR,ab <8> M dR , a (g)C A M dR , b <g) C 

Since (3 is the zero map, a is the zero map. Therefore M is induced from an 
object in C. □ 

3.4. Comparison map and actions. 

3.4.1. de Rham framing. Let M be an^Af [[a!j]]-:module. and cm '■ Mb — > M dR 
be the comparison map of M. 

Definition 3.16. (1) Let y e T4. A de Rham framing of M is a pair 
of homomorphisms a : Q[[«i]] —> M R , y and (5 : M dR — > Q[[oci\] of 
Q[[ati]]-modules. 

(2) Let f = (a, j3) be a framing of M at y, and'y be an element in Af B yz 
the value f(j) of f at 7 is defined by 

(3 o c M 07° a e Q[[ai]]. 

Let / = (a, (3) be a framing of M at 01. The d-R-part M dR of M is a 
Af dR — C((eo,ei)) module. Let Eq,E\ be actions of eo and e\ on M dR . 
The action of (p = <p(eo,ei) G C((eo,ei)) on M dR is denoted by (p(Eo,Ei). 
Since the actions of Af B and Af dR on M R and M dR are compatible via the 
comparison map, using the associator $, we have 

/([0, 1]) = l3c M [0, l]a = Pc A *([0, l])c M a = [3$(E , E 1 )c M a e Q[[ai]]. 

3.4.2. Example 1. We consider a module M dR = Q[[a]]® 2 - Let Pq,Pi be en- 
domorphisms defined as (12.101) . Therefore it defines a A^ dR module structure 
on M dR . The action of <p of (I2TTTD is given by fl2TT2]l . 
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3.4.3. Example 2. We consider a module M dR = Q[[a, b]]® 2 . Let P ,Pi be 
endomorphisms denned by 

(3-D W° °U /0 ° 



-cj' 1 \-b c-b 

of MdR. Then it defines a A^dR module structure on MdR- For / 
(ii, . . . , i n ) e {0, l} n , we have 



(0, 1)P, 



'1 \ = | if z n = 

,°y \(-b)(-c)P(c - b)i if z n = 1 where p = = 0} - 1, q = #{z 

Proposition 3.17. Let 

ip(e , ei) = 1 + (fo(e , ei)e + <£i(e , ei)ei 
6e an elenemt C((eo,ei)). TTien we /iaue 

(0, 1MP , P0 Q = (-%f (-c, c — 6) G C[[6, c]]. 

where (fiQ b (—b, c — b) is the image under the ablianization map C((eo, ei)) — > 
C[[6,c]]. 

4. Higher direct images for ^-modules 
In this section, we define relative cohomologies and study their properties. 

4.1. Relative cohomology. In this section, A n is A^,A^ dR or A® B . Let 
4 < m < n and M be an ^4 n -module. Let / : M. n — > M m be a map defined 
by 

Oi, . . . , X n - 3 ) h-> (xi, . . . , x m - 3 ) 

and / : *4. n — > *4. m be the induced morphism of algebroid objects in C. We 
define a complex F(A n ) by 

> A n ® A n A n -> Aj <g) Ai ^ 

x ®y ® z i — ^ xy ® z — x ® yz 

Then the map *4 n (g> *4. n — >■ »A n defined by x (g> y h-> defines a free (A, (g> ^4° ) 
resolution F(A n ) — > A n - Therefore F(A n ) ®A n A m is a free ^-resolution of 
Am- We note the relation 

Ham MMn) (A m , B ,M B ) = Mg, 

whrer N = ker(7Ti(A^ n ) — > iii(M. m ))- Motivated by the above relation, we 
define R/*M by Homj\, n (F(An) <&A n A m ,JA). More concretely, we have 

(4.1) R/*M : Hom(Am,M) A Hom(A n ® A mi M) 

d 1 d 2 

— > Hom(A n <E> An <E> An, M) — > 

Here d° is given by d°(<p)(x ® y) = x(p(y) — cp(f(x)y). The right A m acion 
on F(A n ) ®A n -A m induces a left ^4 m -module structure on R/*M. As a 
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consequence, we have a left A m module IUf*M = H l (Hf*M). If M = 
(MdR, Mb, cm) is an ^4*-module, then 

(R7*M) di? = IC f*(M dR ), (R7*M) S = RV*(M B ) 

If f :M n ^pt = M 3 , R*/*M is denoted by H^(M n , M) 

4.2. Hochschild-Serre-Leray spactral sequence. Let 4 < Z < m < n be 

natural numbers and .M n 4M m -A- .M; be a map defined by (x±, . . . , x n s) 
(xi, . . . ,x m _ 3 ) H> (xi, . . .,Xi- 3 ) 

Proposition 4.1. TTie homomorphism 

F{A n ) ® An (F(Am) ® Am Ai) -> F{A n ) ®A n Ai 
induces a quasi-isomorphism 

H{fg)*M AR/„(R0*M). 

4.3. Fundamental algebroid of fibers and higher direct image. 

4.3.1. Fibers of higher direct images. We give a method to compute the higher 
direct image for / : M. n — > Ai m for dR and B. Let / : T n — > T m be the 
corresopnding map for infinitesimal points, and y an element of T m . We set 

T n ,m(y) = 

Definition 4.2. Let A n ,m,B, y (resp. A n ,m,dR, y ) be the subalgebroid of A n ,B, 
(resp. A n ,dR) generated by the images of A^^b induced by infinitesimal in- 
clusions of M. A — y M. n contained in the fiber of y. Then the image of 
<g> C is equal to An,m,dR, y <8> C. Therefore A njm ,B, y 

and A njl n,dR,y 

defines a Hopf algebroid object in C on T njrn (y), which is denoted by A n ,m, y 
For x £ T njrn (y), A n , m , y ,x is denoted by A n , m , x . 

Remark 4.3. The B-part A n ^ m ^B can be interpreted as follows. Let N n;Tn be 
the kernel of irf (M n ) —> (A^ m ). Then N n ^ m becomes a fibered groupoid 
over the map T n — > T m . We can easily see that A n ,m is the nilpotent comple- 
tion Of N njm . 

Proposition 4.4. We choose x £ T n ,y £ T m such that f(x) = y. We have 
the following exact sequence: 

4 Am,y ^ An,x ^ A n ,x ® A n ,m,x ^ A n ^x ® An^ m ,x ® A n ^m,x ^ 

Here do(x ® y) = xy — xe(y), d\(x ® y ® z) = xy ® z — x ® yz + x ® ye(z), 
. . . , where e : A n ,m,x Q is the augmentation. This becomes a free A n ,x 
resolution of A m ,y 

Proof. We reduce the proposition to the -B-part. Let / : G — » H be a surjec- 
tive homomorphism of group and N be the kernel of /. We prove that the 
sequence 

(4.2) <- Q[H] <- Q[G] A Q[G x N] A Q[G x N 2 } < 
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is exact. We choose a set theoretic section s : H — >■ G. Then 
O : Q[H] Q[G] : /i — >■ 
0! : Q[G] Q[G X iV] : «/ -> <? (8) fT^O?) 
6> 2 : Q[G x JV] — >■ Q[G xiV 2 ]:£<gm^-#<gm<gi n~ 1 g~ 1 s(ng) 



gives a null homotopy. Therefore the sequence ( 14. 2 p is an exact sequence. By 
taking a nilpotent completion, we have the proposition for the S-part. □ 

Corollary 4.5. The complex Ttf*M y is quasi-isomorphic to the complex 
Hom A n , m ,*{ F (A n ,m,x) ®A n , m , x Q,M X ). For the B-part, the action of A m on 
R/*M^ ^ given by the monodromy action. 

AA. Comparison to de Rham cohomologies and chain complexes. 

4.4.1. Comparison to de Rham complexes. We show that the S-part is equal 
to Gauss-Manin connection with the coefficient in MdR. If m = n — 1, then 
using the commutation relation, A n ,dR can be written as the formal power 
series ring. 

A A 

n— 

as a vector space. The multiplication rule is given by the commutation rela- 
tion. Let MdR be a continous A nt dR-module. Then the action of Uj gives a 
nilpotent endomorphism Eij on MdR. 

Proposition 4.6. As a vector space Hf*MdR is quasi-isomorphic to 
KfiMdR : M dR ^ M dR (g> fij, /m ^ M dR ® 0* /m -).... 

Kf'jMdR : M dR ^ M dR ® & MQ n/Mo m ^ M dR ® & Mo n/MQ m -+ . . . 
Here Q* n j m is a subcomplex of the relative de Rham complex Q° Mo j Mo 

generated by ^— — As a consequence, 

(1) if M is finite dimensional, then IUf*MdR is also finite dimensional, 
and 

(2) R < /„M d fl = ifi>n-m. 

Proof. Since the action of (Eij) are nilpotent, we can show that Tif'^MdR and 
Hf"MdR are quasi-isomorphic by the induction of the length of nilpotent 
nitrations. □ 

To give an explicit quasi-isomorphism, it is convenient to introduce the 
bar complex. Let B n be the reduced bar complex of logarithmic bar complex 
O". Then the topological dual of A n is isomorphic B n = H°(B n ) C B n and 
H l (B n ) = for i 7^ 0. Then B n becomes a Hopf algebra and the A n action on 
MdR yields a right S n -comodule structure on MdR. By the definition (14. ip . 
Tlf*MdR is equal to 

^ M dR ®B m ^ M dR ®B n ®B m ^ MdR ®B n ®B n ®B m ^ .... 
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For example do, d\ is given by the formula 

do (a <g) m) = A m (a) ® m — a ® Am(?h) 

di (a Cg> 6 Cg> m) = A m (a) ®b®m — a® A(b) ® m + a <g> b (g) Am(t/i) 

Here A m : S m -»• S m ® B n , A: B n ^ B n ®B n and A M : M dfi ^ B n ® M dR 
are the copro ducts. 

Proposition 4.7. (1) Let ip k : M dfi <g> S® fc ® S m ->■ M di? ® O n/m 6e a 
map defined by 

m®ai®---®afc(g)6i— )■ m® 7r(ai) • • • 7Tfc(ai)e(6), 

where e : _B m — >• Q is t/ie augmentation. Then ip k is a homomor- 
phism of complex and quasi-isomorphism. 
(2) The action of A mjdR on R* f*M dR is equal to Gauss-Manin connec- 
tion. 

4.4.2. Comparison to chain complex. Let M be an .A^[[aj]] module and M* = 
ffomq[[ Q .]] (M, Q[[ai]] $ ). Then M B and M B define local systems on M n . The 
homology and the cohomology in the coefficient in M B and Mg is denoted by 
Kf{M. ni M B ) and H B (M nj M B ), respecitvely. We have the natural pairing 

H?{M n , M B ) <g) ifi(M n , M s ) C[[ ai ]] 
and via this map we have the following evaluation homomorphism 

ev : H?{M n , M B ) H B (M n , Mg)*. 
4.5. ^-integral. We have an isomorphism 

W(M n ,M) dR ~ H dR (M n ,M dR ) 

and 

H i (M n ,M) B ~ H B (M n ,M B ). 
The homology Hf(Ai n , M*) is identified with the homology group of chains 
complex with the coefficient in M*. An element a of the chain complex is a 
linear combination of [7, /] where 7 is an z-chain in Ai n and / is a section of 
M* on 7. 

Definition 4.8 (^-integral, twisted chain). (1) Let a = [7, /] G Hf(M n , M%) 
and ui G H dR (M n , M dR ). We define a ^-integral by 

" fu = ev(a)(c- H 1 (u))eC[[a l }} 

$ -integral defines a pairing 

Hf{M n , M B ) ® H dR {M n , M dR ) Cfe]] 

(2) Let tpi (i = be admissible functions on A4 n , D a domain 

defined by < x\ < £2 < ■ ■ • < x n s < 1 for some distinguished 
coordinates x±, . . . , x n -3- Asuume that the values of (pi are positive 
and real on D. The twisted chain on D with the product of positive 
real branchs of (pf* is denoted by Yl i=1 (f'g ■ 
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4.6. Regular izat ion of cycles and specialization of exponents. M be 

an .Af-module and M* its dual. Then 

Mx a (l - xf = M <g> x a (l - xfQ((P))[[a}} 
M*x- a (l-x)-P = M®x~ a {l -x)- /3 Q((/3))[[a]] 

becomes an ^4| > ((/3))[[a]]-module. Let v G M^— be an element invariant 

under the action of local monodromy at 01 and w G MdR- By the standard 
arguement for the regularization of topological cycles around and 1 , we have 
the following proposition. 

Proposition 4.9. The extension v(a) to [0, 1] of the element vax a (l — x)& 
defines a homology class in H\(M.±, M*x a (l — x)^). 

Proof. The action of the local monodromy po at on vx a (l — x)& is given by 

vx a (l - xf -»■ e(a)vx a (l - xf. 

Therefore 

avx a {l - xf = (p - l)vx a (l - xf = — ^ d(vx a (l - 

e(a) — 1 e \ a ) ~ 1 

where cq is the small circle around 0. The action of pi — 1 is invertible where 
pi is the local monodromy. Therefore vax a (l — x)^ defines a homology class 
in H 1 {M A ,M*x a {l -xf). □ 

Definition 4.10. The extension of avx a (l — x)^ is called the regularized 
cycle. 

As a consequence of the above proposition, we have a pairing 

The specialization v(0) of v(a) defines an element in Hi(M.^,M*{l — x)^). 
The specialization F(0) £ Q((/3, 7)) is equal to the pairing (v(0),uj^) be- 
tween H^Mi, M*(l—x)P) and H\ R {M^ M(l-x) _/? ). Since the monodromy 
action on v(0) around is trivial, we have the following proposition. 

Proposition 4.11. v(0) is contained in the image of the map 

fli(AS, M*(l - xf) H^Ma, M*(l - xf), 

where Aq is the small disc around 0. As a consequence, we have 

(v(0),u—) = (v,u) 

X 

Proof. v(a) is sum of avx a (l — x)P and e( - Q "_ 1 fa: Q (l — x)^ Q . By taking the 
limit for a — > 0, it is tends to vx a (l — x)@ . □ 

Remark 4.12. In classical case, the function ax a ~ l on [0,1] tends to the 
delta function supported at when a tends to zero. The above proposition is 
reinterpretation of this fact using regularization of topological cycles. 
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Definition 4.13. (1) For a section v of M on [0, 1], the pairing of u G 
H^ R (Ai4,Mx~ a (l — x)~P) and the regularized cycle o/wx a (l — x) 13 
in H^M^, M*x a {l - x)P) is denoted by 

vx a (l -xfu 

f [o,i] 

(2) For a section v of M on [0,1], the raltive cycle modulo {01 U 10} 
defined by v is denoted by f(o,i)- For an element 

u E Hl R (M A ,Mx- a (l -x)- p (mod OTulO)) 

,.<i> 

the paring of V(q i) and u is dentoed by / vu. 

J (0,1) 

The following proposition is direct from the definition. 
Proposition 4.14. Letuo,ui be elements in M^r. Then 

vx a (l-xf(u — + Ul -^-)- [ vx a (l-x)P(u —+u 1 -^-) 

[0,1] x X — 1 J (0,1) x x — 1 

={{R + a/ M )~ V0I), u ) + ((Ri + /3I m ) _1 ^(T0),mi) 

5. $-Beta module and $-hypergoemtric modules 

In this section, we define a ^.f-module associated to beta function and 
hypergeometric functions. We fix an associator $ throughout this section. 

5.1. Beta module and 1-cocycle relation. 

Definition 5.1. (1) We set F{x) = x a (l - x) /3 Q[[a, 0\] . We define the 
pre-beta module B$(a, f3) by 

B%(a,P) = Hl(M 0A ,T(x))- 

It is a Q[[ck, -module in C. 
(2) The sub modules 

B*, B (a, p) = 2it\a ■ B% >B (a, /5) n 2yri/3 ■ B% >B (a, /5) C B% >B (a, /?) 

B$ idfl (a, 0) = a ■ B% dR (a, 0) n p • B% dR (a, P) c B| jdH (a, /3) 
defines a sub object in B$(a, ft), which is called the Beta module. 

B$(a,/3) B and (resp. B$(a, is a free Q[[a,/3]] s (resp. Q[[a, P]] d R) 
modules of rank one generated by (p characterized by (p(x a (l — x)^ Q ^) = 1 
(resp. a—). We define modified $-beta function B$(a,/3) by 

C4((p)B'^(a,P) = a — 
x 

In other words, 

dx 



B'^(a,/3) = / x a (l -xfot 

7[0,1] 



X 
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Since 

+ =0 
x 1 — x 

in H 1 (M4:i ^ 7 oT*(x))) we have S$(a, (5) = -B$(/3, a). 

Theorem 5.2. We Ziaue t/ie following one cocycle relation for modified <&-beta 
functions. 

B'$(a, 7 + 0)5^(7, /?) = B^(a, 7)5$(a + 7, /?) 
t4s a consequence, 

B'^a, P) = exp(^ a n (a n + /3 n + (-a - /3) n )) 

/or some a n = a n ^ G C. 

Before proving the theorem, we define the Af module T ' . We define T = 
(1 — x) a y l3 (x — y) 7 Q[[a, (3, 7]] by taking a coordinate p = (x, y, 0, 1, 00) of .M5. 
We set D = {0 < y < x < 1, x, y G R}. We consider another coordinates 
p = (1,77,0,^,00) of .M4. Then we have relations 77 = ^ , £ = ^. We define 
homomorphisms f u f 2 : -M 4 by /i(p) = x, f 2 (p) = n and (/i,/ 2 ) by the 
composite 

Thus we get a homomorphism of algebroid 

(/l,/ 2 )*:^f ^At®A% 
and its abelianization Ap ab — > A^' ab (g) -A* ,ab . Since 

(1 - x) a /(x - y) 1 = (1 - x) Q o; /3+7 77 /3 (l - r/) 7 

we have 

T =(h, / 2 )* ((1 - x^+Va - 77) 7 Q[[o, /3, 7]]) 
=(/i,/ 2 )*((l-x) Q x^Q[[o,/3 + 7 ]] 

®Q[D8+7]] ^(1-^) 7 QP,7]])- 
Therefore we have a homomorphism 

(A,/ 2 )* : B*(a,/3 + 7 ) ®Q[ [/3+7 ]] B*(/3, 7 ) -> H%{M h ,F). 
Lemma 5.3. (1) 

v x 77 

= (l-x)V(x-«^-A^ 

x — 1 y 

(2) (fuhUD) = [0,1] x [0,1] miy| fl (M 5 ,^). 
Proof. Since the element 

(1-x) 77 p (x-7/) 7 (o t+/3— + 7 ) 

x — 1 77 x — y 

is exact, we have the equality in H% R (M,5, FdFt)- ^ 
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Proof of Theorem \5. 6 A By Lemma 15.31 we have 

■ 4> 



/ (l-aOV(z-y)W^rA- 
Jd x-1 y 

X J\0A] V 



(1 -x) a x 
'[0,1] * j [o,i] 

=5^(a,7 + /3).5^( 7 ,/3) 
Since the first integral is symmentric on a; and /3, we have 

7 + /3) ■ S^( 7 , 0) = S^(y3, 7 + a) • 5^ (7, a). 

Definition 5.4. (1) We define the Beta function B(a,f3) by 
(2) We define r$ e C((x)) 6?/ 



□ 



- 00 
-exp(^a n x n ). 



r<j,(x) 

x 

i=2 



ifere a n G C is defined in Theorem \5.Sl 
(3) The product T$(ai) ••■ T$(a n ) is denoted by r$(ai, a n ) 



By the definition of $-Gamma function and Proposition I5.2[ we have 

r*(a)r*(/3) 



B*(a,/3) 



r$(a + /3) 



5.2. Definition of $-hypergeometric modules. In this section, we define 
a framed ^.f-modules at 01 associated to generalized hypergeometric func- 
tions. 

Lemma 5.5. Let xi,...,Xfc be the distinguished coordinates of M. k+ ^. We 
setZ 1 = x 1 ,& = ^,...,£ i = 1 ^ I . Then 

(1) Ci; • • • ) Cfc an d 1 — £1, • • • > 1 — Cfc anc ^ 1 ~~ £i£2 " • " Cfc are admissible 
functions of Mk+3- 

(2) . . . , are admissible one forms. 

We consider .Mo, 5 and Mo,6 with the distinguished coordinates (x±,t) and 
(xi, X2, £). We define 7r 5 , 7r 6 by 

7T5 : Mq,5 -> -Mo,4 : (a;i,t) ^ t 

We define cell's -D5 and in A^o,5(R)oT an< ^ -^o,6(R-)oT °y 
D 5 = {£ie[0,l],t = UI}, 
A, = {£i,&€E[0, !]<!,* = 01}, 
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We define Af and Af modules T(ai, a 2 ; b\) and T(ai, a 2 , 03; bi, b 2 ) by 
e? 1 (1 - Zi) bl - ai (1 - t£i)- a2 Q[[ai, a 2 , 61]]. 

and 

C^ 2 (1 - ?i) 6l_ai (1 - ?2) 62 " a2 (1 - tCi6)" a3 Q[[ai, a 2 , a 3 , b u b 2 }]. 

Definition 5.6. We use the notation of cycles 71, 72, 7i , 7^ defined in \2. 

(1) We define hypergeomtric modules HM(a\, a 2 , &i) and HM(ai, a 2 , 03, 61, 
on ^4f fry 

HM(a l7 a 2 , 61) =R 1 7r 5 *.F(ai, a 2 , &i) <g> B$(ai, 61 - ai) -1 
HM(ai, a 2 , a 3 , 61, b 2 ) =R 2 7r 6 *.F(ai, a 2 , a 3 , 61, 6 2 ) 

® B$(ai, 61 - ai)" 1 ® B$(a 2 , b 2 - a 2 ) _1 

(2) We define hypergeometric function 

F i> : A,s,oT* ^ C[[ai,a 2 ,6i]] 

F&(a 1 ,a 2 ,b 1 + 1,7) 
^(ai^i-ai + l)" 1 / $ er(l-6) &1 " ai (l-^i)" a2 f 1 

y 7 ( 71 ) 4i 

/or 7 £ A,oT*- 
Proposition 5.7. 



(1 0)^o,Pi)(T) ^•(a.c-a + l)" 1 / ^(1-6)^(1-^1)-^ 
(0 1) y?(P , Pi) Q =5* (a, c - a + l)" 1 



-/* ^(i-eo^a-^i)- 6 -^ 

a -mao s 



1 

Proof. The regularized cycle -D5 defines an element in HM* B —. By choosing 
the base (12. 8|) . we have 

_w 2 =0, 

r [0,l]x01 

_ Wl = / e?(i-ei)°- (i-^i)- 6 ^i*=oi=^»(o.c-o+i). 

'[0,l]x01 V[0,1] Si 

and as a conequence, we have 

cj/m* (7i(01)) = B^(a,c - a + 1). 

□ 
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Proposition 5.8. Let 7^ ,73 ^ e the cycles defined in Then 
chm(7i # (T0)) = ( -6 ) 5*(o, 6 - c), 

V a+b-c/ 

C tf M (7 2 # (T0)) = ( a+b ° c -i ) P$(c + 1 - a, 1 - b). 

Proposition 5.9. Let $ be the associator and $0, be elements in C[[eo, ei]] 
defined by 

$(e , ei) = 1 + $o(eo, ei)e + $i(e , ei)ei 

Then 

B'z(-a,-b) = <f>?(a, 6)6+1 

where $Q & (a,6) t/ie image under the abelianization map C((eo,ei)) — ► 
C[[oi, /?]]. As a consequence, we have a n = (®(n). 

Proof. By Proposition 15.71 Proposition 15.81 and relation ( 12. 7p . we have 
(0 l) <&(P , Px) Q 

=B»(a, c - a + I)" 1 - / - ei) c " a (l - ^i)"'- 1 | £= oi 

a si 



„ / s 1 / s (b — c) —b n/ , . 

=S*(a, c - a + 1 / , , \ i ?" (a, & ~ <0 

\s(a + b — c)a + b — c 

s(b) a + b — c—1^, „ „ ,,\ 

+ -7 7T B*(c + 1 - a, 1 - 6) 

s(c — a — 0) a / 

We take a limit for a — )■ and apply Proposition 13.171 Then we have 
H0*?*(-C c - 6) = lim (1 0) $(P , P x ) Q 

6 , r $ (& - c + i,c + 1) 



6-c v r*(6 + i) 

and 

$ ab (-c,c-b)(c-b) + l 



a6/ _ _ ,w„ ,N , 1 I*(&-C+l,C+l) 



r*(6 + i) 



□ 



5.3. Junction. 



5.3.1. Definition of Junctions. Let M,N be A4 modules. Let pr2 : A4a x 
Ma — > M4 : (x, y) y be the second projection, A : .M4 — > M.4 x .M4 be 
the diagonal map, z : .M4 — ^4X^(4 be an infinitesmal inclusion defined 
by x H- (x, 01). We consider the map 

a:pr* 2 M® pr\ (M* <g> iV) -> z* (pr^M <g> pr* (M* <g> iV)) ~ M (8) (M* <g> iV)oT 
/3 : pr^M (g)pr^(M* tg) AT) A* (pr^M (g) pr^(M* <g> AT)) ~M®M*®AT^>AT 
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Here ev : M © M* © N — > N is given by the evaluation map. Then we have 
a complex E(M,N): 

E(M, N) :pr*M® pr\ (M* © N) ^> z*(M © (M* © JV)or) © A* N 
We define the junction P(M, N) = RV 2 »E(M, AT) 

5.3.2. Gauss-Manin connection for a junction. We consider the Gauss-Manin 
connection on E(M, N)dR- Let 

„ „ dx „ dx , , „ , ,dx dx , 

P = Po— + Pi r : M dR © — , - 

x x— 1 xx— 1 

„ _ dx ^ dx .dx dx . 
Q = Qo— + Qi 7 : N dR -»• JV dJ? ® — , 

ry ry I ry ry I 

be the associated connection of M and N. By choosing basis {oji} and {t^-} 
of MdR and A^it, the map Po, . . . , Qi can be expressed as matrices by the 
rule: 





("A 






(5.1) V 




= p 













The module E(M, A")^ is quasi-isomorphic to the associate simple complex 
of the following complex E d R 

-i®*.p®i+i(g)ie 



4 MdflOM^OJVdfl® (f 



4 zd © ei> 
(M dfl © M* R © iV di? ) 
©A^dit 
Therefore 

(5.2) H^EdR) 

dx dx 

~M dR © M* dR ®N dR —® M dR © M* dR © A^ © N dR 

X x — 1 

Under this isomorphism, the Gauss-Manin connection 



V : H\E dR ) -> iP(E di? ) © JO-) 

y y- 1 



is given by 
(5.3) 

dx 



dx 



V(u r + v) 

x x — 1 

=((P © 1 © l)(«o)— + (P © 1 © l)(wi)-^- + ev(u )— + ev( Ul )-^- + Q(v)) 
x x — 1 y y — 1 

dx dx \ dy 

(P © 1 © l)(w )— + (Po ® 1 ® l)(wi) 7 + ew(w ) + Qo(v) — 

x x — 1 / y 

(dx dx \ d?y 

(Pi © 1 © l)(u )— + (Pi © 1 © l)(ui) + eu(ui) + Qo(«) — ^ 

x x — 1 J y — 1 
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for u , «i e Af dfi ® M* fl ® iV di? and u G iV di? . 

Bases of M di? ® M*^ <g> iV di? f , M dR ® M* fl <g> iV^^, and iV dfl form a 
basis of E(M, N)dR. Using this basis, the connection V on E(M, N)dR can 
be expressed as Rq — + R± — 4j- via the rule (15.11) , where 



Rq 



by the formula ( 15 . 3j) . 

5.3.3. Horizontal section of the dual. The action of ip(eo,ei) G A^dR — 
C((eo,ei)) on if 1 (i? d fj)* is given by the left multiplication of the matrix 
<p(Ro, Ri). For / = (n, . . . , i n ) G {0, l} 71 , we set 

Pi — -Pii • • • -Pi„ , -Rj = -Rii • • • -Ri„ , etc 

By (15.11) . we have the following proposition. 

Proposition 5.10. We have 

Ri(v*)= E + 

7=JiOJ 2 

+ £ ((Pj^isiWQj^O)-^-* + <?/(«*) 

z — ' x — 1 

/=JiU 2 

/or ug, G M* fl ® M di? <g> AT^ and v* G JV|b- 
t4s a consequnece, for (p given in i2.11\) , we have 

<p(R ,R 1 )(v*)=J2 c Jl0 j 2 {(P Jl ®l®l)Ev{Qj 2 {v*))— + 
z — ' x 

Jl,J2 

+ J2 c Jllj2 ((P Jl( 2)l(8)l)^(Q j2 (^))-^- +^(Qo,Qi)(^ 

5.3.4. Betti part of the dual. Using the chain complex the dual local sysstem of 
the Betti-part (E(M, N)b)* of the junction E(M, N) is naturally isomorphic 
to the cohomology of the associate simple complex of the following chain 
complex. 

C ' {Mi ^!(mJZ^ m ^ c.(Ms/Mi, m; 9 «, » K) 

Definition 5.11. Let y G [0,1], r G N* and A G M* eg) M y be the element 
corresponding to the identity element. The local section of pr\M* ®pr\{M® 
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N) on {(x,y) | < x < y} whose fiber at (y,y) is equal to A © r G M* © 
M y © iV* to is denoted by 5(t). The element 

5(T){ x \0< x <y}x{y} + r (y,y) ~ S ( T )(01,y) 

G Ct^iy^M* © M © AT*) © C (j/ x i/, iV;) © C (01 x y, M y * © M^© A/^) 



foseti and defines an element J(y,r) of E(M,N)* B , which is called the 



is c 

junction cycle for r . 

If Tqj- and tjq are fibers of a local section r of N* on [0, 1], then we have 
[0, 1] J (01, Tqy) = J (10, Tjq) using the action of Aa,b- In this situation, J(y, r y ) 
is denoted by J(y, r). 

Proposition 5.12. Let r be a local section of N* on [0, 1]. 

(1) c E (J(01),r)eN* R 



(2) We set c E ( J (01, r)) = v*. Let u — eE(M,N) dR . Then we have 

x 

(5.4) c e (J(T0,t))(u q ^) = c^j 1 oj 2 ((Pj 1 ^1®1)Ev(Qj 2 (v*))(u ), 

Ji, Ji 

Proof. (1) We have 

J(01,r) =T (5T oT) - <K r )(oi,oi) 

G Co (01 x 0T, Njfi) © C (0T x 01, M^®M m ® Nfc). 

Therefore for u Q , ui G M dR © M dR © N dR and v G N dR , 

c E (J (01, r))(u — + ux-^— +v) = c N (r)(v). 
x x — 1 

Therefore c e (J(01,t)) G N* r 
(2) 

c E (J(10,r))(u — )=c E ([01})c E (J(01))(u — ) 
=c E ([01])(v*)(u -) 

X 

= c <f^iOJ 2 (0Pji ® 1 ® l)^u(Qj 3 (u*))(tio) 

Jl , J2 

□ 



6. Generating function and Zagier's expression 



In this section, we show that the formal power series $(a, b) defined in the 
last section coincides with the formal power series defined in Zagier's paper. 
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6.1. Junction for hypergeomtric modules. Let V = Q((a, &))&i©Q((a, &))&i 
be a free Q((a, 6)) module generated by two basis 

&i = (l 0),6 2 =(0 1). 

The Q((a, 6))-dual of V is denoted by V* and the dual basis are denoted by 



We apply Proposition 15.121 by setting 

(6.1) M = HM{a\, bi, ci) (g> N = HM(a 2 ,b 2 ,c 2 ] 

-u ai \ p = / 
— m — c\J ' 1 y— 6i ci — ai — &i 

Qo= (o -c 2 ) ' Ql = (-62 c 2 -a° 2 -6 2 
Then the element A in Definition 15.111 is equal to 

A = ™(-«iWI>i-c 1 ) ^ + « 1 s(a 1 -c l)S (M ^ 

s(ai + 6i-ci) s(ci — ai — 6i) 

eM* B ® M B . 

by the relation (12.91) . Here 7i,7* are the topological cycles corresponding to 
the base §2.31 and §2.3.11 We choose a local section 7 of N B on [0, 1] such that 
the fiber of 7(01) at 01 goes to cat* (7(01)) = b\ e N^ R via the comparison 
map c^. We apply Proposition Proposition 15.121 by setting u$ = bi ® b\ ® b\ 

6.1.1. Using Hochs child- S err e-Fubini theorem. Using Hochschild-Serre-Funibi 
theorem, we have the following lemma. 

Proposition 6.1. 

f 

c B (J(10,7))((6i <g> b\ ®6i) — ) = / F*(-ai,-6i;ci - a x - h + l;l-x)x z 

x J(o,i) 

dx 

F$(a 2 , b 2 ; c 2 + 1; 2) — . 

x 

Proof. We compute the pairing Jj = (7^, 61 (8) b\ <g) 61^) for z = 1,2 at the 
fiber at y = 01. 

7 = {(ti,t 2 , t 3 , x) I h, t 2 , t 3 e [0, 1], x e (0, 1)} 

Then we have 

ais(-ai)s(6i - ci)T(c 2 + 1) 



h(y) 



s(ai + 61 - ci)T(a 2 , c 2 - a 2 + 1) 

/ C _1 (i - tof 1 -" 1 - 1 ^ - (i - y)to)- bl y- M 

t2 2_1 (l -t 2 ) C2 " a2 (l - xt 2 )~ b2 -dtodhdt 2 dx 

x 
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I 2 (y) = (const.) [(I - y)^-^+H^- ai -\l - to)" bl (l - (1 - y^'^y^ 

(1 - x )-«i+«l+*lt«i- c l- 1 (l - t^^fl - (1 - x)^)"^ 1 ^ 

to 2_1 (l -t 2 ) C2 " a2 (l -xt 2 )~ b2 -dt Q dt 1 dt 2 dx 

X 



Therefore by integrating to first, we have I 2 (10) = and 

T(ci - ai — bi + 1, c 2 + 1) 



Ji (01) 



r(-ai, ci - &i + 1, a 2 , c 2 - a 2 + 1) 

/ tp 1 " 1 ^ - t 1 ) Cl ~ bl (1 - (1 - x)t 1 ) bl x u 
Jd 

to 2_1 (l - t 2 ) C2 ~ a2 (1 - xt 2 )~ b2 -dt 1 dt 2 dx, 

x 



where D = {(t 1 ,t 2 ,x) \ t u t 2 E [0,1], x E (0,1)}- 



□ 



6.2. A classical integral formula. To compute the integral of Prposition 
16. H we need an integral formula for assiciators in Theorem l6.31 Before proving 
the integral formula ( I6.4p for associators, we recall a proof of the corresponding 
classical integral formula. 



Lemma 6.2. (1) 



f s^-^l-s^- 1 2 F 1 (a 2 ,a 3 ;a 1 ;l-s 1 )ds 1 
J[o,i] 2 

r(ai)r(b 2 - ai)r(fr 2 - a 2 - Q3) 
T(6 2 - a 2 )r(6 2 - a 3 ) 



(2) 



/ 2F 1 ( Pl ,p 2 ; q x , us)s b2 - a '- 1 (l - s)^ 1 2 F x {a 2 , a 3 ; a i; 1 - s)ds 

J[0,1] 

r(oi)r(& 2 - fli)r(& 2 - « 2 - 03) 
r(6 2 - a 2 )r(& 2 - 03) 

4 F 3 (pi,p 2 , b 2 - ai, b 2 - a 2 - a 3 ; qi,b 2 - a 2 , b 2 - a 3 ; u) 
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Proof. (1) 

r(6a) 



r(ai)r(62 - ai) 



/ s^-^l-ax) 62 - 01 - 1 2 Fi(a 2 ,a 3 ; ai;si)dsi 

J[0,1] 2 



r(& 2 ) r(oi) 

r(ai)r(6 2 - ai) T(a 2 )T(a 1 - a 2 ) 

/ s?-\\ - si) 68 - 01 -^^ 2 -^! - s 2 ) ai - a2 - 1 (l - SlS2 )- a3 rf Sl rfs 2 

= 3-^2(01, a 2 , a 3 ; 6 2 , ai; 1) = 3-^2(^1, «2, a 3 ; ai, 6 2 ; 1) 

F / , ,n r(6 2 )r(6 2 - a 2 - 03) 

= 2 ^i(°2, a 3 ; 6 2 ; 1) = ^77 vFtt r 

r(6 2 - a 2 )r(6 2 - a 3 ) 

(2) By the integral expression of hypergeometric function, we have 
/ 2^1(^1,^2; ?i, us)s b2 - ai - 1 (l - s)^' 1 2 F 1 {a 2 , a 3 ; a l5 1 - s)ds 
= y (piUp 2 )^ mgm+b2 - ai - 1(1 _ s)ai _! ^ fl x _ s) ^_ 

By (1), the above is equal to 

\ - (pi)m(p2)m m r(ai)r(m + fr 2 - ai)r(m + fr 2 - a 2 - a 3 ) 
Z-f (qi)m T(m + b 2 - a 2 )T(m + b 2 - a 3 ) 

_r(ai)r(6 2 - ai)r(6 2 - a 2 - a 3 ) y (Pi)m(p 2 )m(&2 ~ fli)m(&2 - a 2 - a 3 ) m ^ m 



r(6 2 - a 2 )r(6 2 - a 3 ) ^ (qi) m (b 2 - a 2 ) m (b 2 - a 3 ) 
r(ai)r(6 2 - ai)r(&2 - a 2 - a 3 ) 



T(6 2 - a 2 )r(6 2 - a 3 ) 
i F 3 (p 1 ,p 2 ,b 2 -a 1 ,b 2 -a 2 -a 3 ;gi,6 2 -^2,^2 -a 3 ;«). 

□ 

6.3. Zagier's generating function for associators. 

6.3.1. An integral formula for associators. Let u±, u 2 , us be the distinguished 
coordinate of M.§. We define admissible functions s±, s 2 , S3, x\, x 2 , x 3 by 

(6.2) 

_ Qi - l)(u 2 - u 3 ) _ (u 2 - 0)(^i - u 3 ) _ (iti - ^ 3 )(oo - u 2 ) 

(u x -u 3 ){u 2 - 1)' (u 2 -u 3 )(ui - 0)' (ui -m 2 )(oo-u 3 ) 

(«i - l)(oo - 0) (u 2 -0)(oo-l) (0-u 3 )(oo-l) 

Sl ~ (ui -0)(oo-l)' 52 ~ (u 2 -l)(oo-0)' 33 ~ (0-l)(oo-u 3 )" 

Then we have 

1 _ si = L = *J(±-x M ) 1 _ J1J , = 1 -. 1 ^ = ("» -»■)("-') 
ui 1 — xjx 3 (w 2 — 1)(U — uij 
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and 



X}X 3 — S 2 S 35 X 2 X 3 — s l s 3- 



X-^X^ ^1*^3 X^Xq S<2§3 

As a consequence, we have 

(6.3) wl 1 (1 - - — )" P2 4 1 (1 " si) 62 " ai 4 2 (l - s 2 ) bl " a2 

Mi 

^-« 2 (l_ S3 )frl-«l(l_ SlS2 )-«3 

=wf (1 - «;i) 9l - pi (l - — )~ P2 (1 - xi) 6l - ai x^(l - x 2 ) &2 " a2 ^ 2 



and 



(i -x 3 ) b2 " ai 4 1_a2 ( 1 -xix 2 y 



a 3 



dx\ dx2 dsi ds2 
ax 3 = as 3 

Xi X 2 Si S 2 



The main theorem in this section is the following: 
Theorem 6.3. (1) 



(6.4) / F^p 1: p 2 ;q 1 ,s)s b2 -^- 1 (l-s) a '- 1 F^a 2 ,a 3 ;a 1 ;l-s)ds 
J[o,i] 

_ r$(ai, b 2 - ai, b 2 - a 2 - a 3 ) 
r$(6 2 - a 2 , b 2 - a 3 ) 
F$(Pi,P2, h ~ ai, 6 2 - a 2 - a 3 ; qi,b 2 - a 2 , 6 2 - a 3 ; 1) 



(2) 

/ F$(a 2 ,a 3 ; 1; 1 - s)s b2 ~ l F^{p 1 ,p 2 ;qi + 1, s)ds 

7(0,1) 

r$(fr 2 ,fr 2 + 1 - a 2 - a 3 ) 
r$(6 2 + 1 - a 2 , 6 2 + 1 - a 3 ) 

x F^(p 1 ,p 2 ,b 2 ,b 2 + 1 - a 2 - a 3 ;^i + l,b 2 + 1 - a 2 ,6 2 + 1 - a 3 ; 1) 

r$(l - a 2 - a 3 ) 
6ir$(l - a 2 , 1 - a 3 ) 

Proof. Let wi, wi, it 2) m 3 be the distinguished coordinate of A4-?. We consider 
admissible functions si, s 2 , s 3 , xi, x 2 , x 3 on ui,-u 2 ,u 3 define in ( I6.2p . Using 
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the relation, ( 16 .3|) . we have the following equatlity: 



2!) 



(6.5) 

/ w Pl (1 - w 1 ) qi - pi ~ 1 (l - — )" P2 4 1 (1 - Si) 62 "" 1 " 1 
im.il u i 



[o,i] 



(6.6) 



= / iyf(l - wi) 91 ^ 1 -^! - — )" P2 (1 - a* 
ifo.il «i 



&1 — Ol — 1 CLl 



X 



1 



'[0,1] 

(1 - X 2 f 2 ~ a2 ~ 1 X a 2 2 {l - X 3 ) b2 - ai - 1 X^- a2 - 1 (l - X!X 2 )- a3 



We multiply (&i — ai + 1) with ( I6.5P and (16.61) and take a limit where &i tends 
to ai - 1. Using lim 6l _> ai (bi - ai)S$(6 2 - a 2 , &i - ai) = 1, and ^ = 1 - Si, 
the limit of ( I6.5P is equal to 



(6.7) 

lim(6i-ai) / w Pl (1 - w 1 ) qi - pi - 1 (l - — )~ P2 

bi-fai Aq ii Mi 



- sx) 68 - 01 - 1 ^ 3 ^ - S2 ) bl - a2 - 1 4 2 - a2 " 1 (l - sa)' 1 "" 1 "^! - s lS2 )- as ds 3 dSldS2dWl 

S1S2W1 

~P2 



/ w Pl (l-wi^-^-^l-iuiCl-ai))- 

i[0,l] 



fl -i(l _ Sl ) 62 " ai - 1 4 2 (l - s 2 ) ai - a2 - 1 (l - glg2 )-3 ^i^dw 

SiS 2 Wi 

r$(pi, <?i - pi, a 2 , ai - a 2 ) 



r$(?i,ai) 



/ F*(pi,P2;gi, 1 - - s 1 ) 62 - ai - 1 F $ (a 2 , a 3 ;ai;ai)d Sl 

J [0,1] 

gi - pi, a 2 , ai - a 2 ) 
r$(gi,ai) 

/ ^(P!,^;?!,*)^ 2 " 01- ^! - s) ai - 1 F$(a 2! a 3 ;a 1 ; 1 - s)ds 

i[0,l] 
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We compute the limit of ( 16.61) using Proposition 14.111 Since lim Xl _ 5 .i 
x 2 x 3 , we have 

(6.8) 



r.<i> 

'[0,1] 



lim (b 1 -a 1 ) wl 1 (l-w 1 ) qi - pi - 1 (l-—)- p *(l-x 1 ) b i- ai - 1 xl 1 



b 2 -a 2 -l * 2( , „ xba-ox-lJi-aa-l/! „ „ ,_ a3 ^1^2^3^1 



(1 - x 2 ) b2 - a2 - 1 x a 2 2 (l - x 3 ) b2 - ai - 1 x° 1 - a2 - 1 (l - Xl X 2 ) 

X1X2W1 



= / u^ 1 (l-wi) 9l - pi - 1 (l-«;ia;^)- pa 

J[Q,1] 

(1 - X 2 ) 62 - a2 -^- 1 ^(l - X3) b2-a 1 -l x a 1 -a 2 dx 2 dx 3 dw 1 

X2X3W1 

= / w Pl (l-w 1 ) qi - pi - 1 (l-w 1 x 2 x 3 )~ P2 

J [0,1] 

xb2 -a 2 -a s{1 _ X2T ,-l x H-a 1{1 _ )ai -a a -l dX2dx 3 dw 1 

x 2 x 3 w 1 

_ r$(pi,gi -pi,b 2 ~a 2 -a 3 ,a 2 ,b 2 -ai,ai - a 2 ) 
r$(gi,&2 - ^3,^2 - a 2 ) 
-P$(pi,&2 - a 2 - a 3 ,6 2 - ai,p 2 ; qi, fa - a 3 ,6 2 - a 2 ; 1) 

By comparing two limits ( 16 .7|) and ( 16 .8|) . we have the theorem. 
(2) By replacing q± and a± by q± + 1 and 1, we have 
/•<& 

/ F$(a 2 ,a 3 ; 1; 1 - s)s b2_1 F$(pi,p 2 ; g x + 1, s)ds 
J [0,1] 

r$(fr 2 ,fr 2 + 1 - a 2 - a 3 ) 
T$(6 2 + 1 — a 2 , b 2 + 1 — a 3 ) 

F$(pi,p 2 ,b 2 ,b 2 + 1 - a 2 - a 3 ; + l,b 2 + 1 - a 2 ,b 2 + 1 - a 3 ; 1) 
By Proposition 14.141 we have the statement (2). □ 

As a corollary, we have the following corollary. 

Corollary 6.4. Let P,Q be matrices in Ii6.1}) evaluated at c\ = 0. Then we 
have 



c^,JiOJ 2 ( b i,Pj 1 b* l b 1 Qj 2 b* 1 )) 

Ji,J 2 ,deg(J 2 )>0 

r$(u, u + 1 — ai — fa) 
T$(u + 1 — ai,u + 1 — 61) 

F$(a 2 , 6 2 , u, u + 1 — ai — 61; c 2 + 1, u + 1 — ai,u + 1 — 61; 1) — 1 

By setting a 2 = a, 6 2 = —a, ai = —6, b\ = b and taking the limit for w — » 0, 
we have the following theorem. 



BROWN-ZAGIER RELATION FOR ASSOCIATORS 



31 



Theorem 6.5. We have the following equality 

I — 

dz 



5^ c * ,(oi)"0(oi)"^ 2n+1 a 2m = s ( b )~f- |z=o F$(a, -a, z;l + b,l - b;l) 



n>0,m>0 

7. Selberg integral and Dixon's theorem 

7.1. $-Selberg integral formula. Let xi,x 2 be the distinguished coordi- 
nate of M.§. We define even and odd $-Selberg integrals by 

,<j> 



S£(a,b,c)= / (xix 2 ) a_1 ((l - xi)(l - x 2 )) 6 " 1 (xi - x 2 ) 2c dx 1 dx 2 

J0<x 2 <x 1 <l 

S^(a,b,c)= / (xix 2 ) a - 1 ((l-xi)(l-x 2 )) 6 - 1 (xi -x 2 ) 2c+1 dx 1 dx 2 

J0<x 2 <x 1 <l 

7.1.1. Variant. Following the idea of Aomoto (1984) and Lavoie-Grondin- 
Rathie-Arora (1994), we consider the followoing variant. For a polynomial 

f(x, y) of x, y, we set 

Seh(f(x,y)) aAc = [ f(x 1 y)x a - 1 y a - 1 (l-x) b - 1 (l-y) b - 1 (y-x) 2c dxdy 

J0<x<y<l 

The following lemma is direct from the defintion. 
Lemma 7.1. (1) 

Sel$(l) ajbjC = S£(a,b,c), 
Sel<s>(y - x) a ^ c = S$(a, b, c), 

(2) 

Seh(xyf(x, y)) a ,b,c = Seh(f(x, y)) a +i,b,c 

Sel$((l - x)(l - y)f(x, y)) a ,b,c = Sel$(f(x, y)) a ,b+i,e 

Using the equalities in the lemma, for any polynomial /(x, y), Sel$(f(x, y)) a ,b,c 
can be computed using Selberg integrals S^(a, 6, c) and S$(a, 6, c). 

7.2. Even Selberg integral. In this subsection, we prove the following 
proposition. 

Proposition 7.2 ($ + -Selberg integral formula). 

5j(a, b, c = — — — 

r$ (c, a + b + c, a + b + 2c) 

We define Af module 

T(a, b, c) = x?x£(l - xi) & (l - x 3 ) b (x 2 - xi) c (x 3 - x 2 ) c Q[[a, 6, c]] 

Let i : ^6 .Me be an involution defined by (xi,X3) H- (x3,xi). Then we 
have an equivariant action T(a, 6, c) ~ t*T(a, 6, c). The real valued section at 
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p^ = {x{ , X2 ) (0 < x± < X2 < < 1) goes to the section with 
real value in 

L*T(a, b, c)p(o) =T(a, b, c) t(p{ o)) 

=(4 0) ) a (4 0) ) a (i - 4 0) ) & (i - 4 0) ) 6 (4 0) - 4 0) ) c (4 0) - 4 0) ) c Q[[a, 6, c]] 

We consider the pairing 

Hi (M 6 , T(a, b, c)) ® ifg(A4 6 , T(-o, -6, -c)) C[[a, 6, c]]. 

7.2.1. TTie /irs£ integral formula. Let A^6 ~ ^ A^s be the map defined by 

(x 1 ,X2,x 3 ) 1 y (xi,x 3 ). 



x^l-x^l-xa)' 



' Xl<X 2 <X 3 



[X2 - Xi) C (x 3 - X 2 ) C (X3 - Xi)dX2 



dx\dx3 



x?a:|(l-xi) 6 (l-x 3 ) 6 (x 3 -a;i) 

'0<xi<x 3 <l L 

„$ 

(x 3 - X 2 ) C (x 2 - Xi) C dX2 

'xi<2:2<X3 

r $ ( c + i) 2 '* 



/' 



r$(2c + 2) 



<ixi(ix 3 

S*(a + 1,6+1, c + 1) 



T$(2c + 2) Jo<xi<x 3 <i 

r $ ( c + i) 2 



dxidxs 



7.2.2. XTte second integral formula. We need the following formla Let q : 
Mq — ► -M4 be the map defined by (xi, x 2 , x 3 ) (-> x 2 . We define V(a,b,c) 
by the fixed part of Tl?q*(T(a, 6, c)y. 

Proposition 7.3 (Determinant formula). (1) T>(a,b,c)dR is a torsion free 
sheaf of rank one over Q[[a, 6, c]] generated by 

x^x 3 (l — xi) b (l — xs) b (x 2 — Xi) c (x3 — X2) c (x3 — xi)dxidx 3 . 

(2) We have an isomorphism of Af -modules 

</> : V(a, 6, c) ~ B*(a, c) ® B$(a + c, 6) ® Q [ [a , M ] (V +C (l - t) &+c Q[[a, 6, c]]j 

Proof. (2) We consider the Af -module M defined by 

M = V(a, b, c) ® Q[KM] (V a " c (l - t)- b " c Q[[a, 6, c]]J 

We compute the action of Alp on M^. Then the map 



M dfl ^ M dR © M di? 
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is the zero map. Therefore M is the pull back of an object in C. To consider 
the fiber at 01, we consider the integral 



x -a-c-l / X$X%(1 - Xi) b (l - X 3 ) b (x 2 - Xi) C (x 3 - X 2 ) C (x 3 - X^dx^X^ 

J0<x 1 <t,t<x 3 <l 

= ! i a x%{\ - x 2 b (l - x 3 ) b (l - c (x 3 - x 2 ) c (x 3 - x 2 S)dtdx 3 

^0<?<l,x 2 <x 3 <l 

^ n cx a 3 +c+1 (i - x 3 )\i - i) c didx 3 

l2_>0 >/0<C<l,0<a;3<l 



Therefore the fiber Mqj G C is isomprhic to B$(a, c) ® B$(a + c, 6). Thus we 
have the proposition. □ 

Using the above proposition, we have 



f \r x a 1 x a 3 (i- xi ) b (i-x 3 ) 1 



' 0<X 1 <X2,X2<X3<1 



(x 2 — xi) c (a:3 — x 2 ) c (x 3 — xi)dx\dx 3 



dx 



2 



^ + 1,0 + 1^ + + 2,6 + 1) r +c+1 _ X2)b+c+ i dX2 

r$(a + c + 2,a + 6 + c + 3) J 0<X2<1 
T$(a + l,c+ l,6+l,a + c + 2,6 + c+2) 



T$(a + b + c + 3, a + 6 + 2c + 4) 
7.2.3. Proof of <&-Selberg integral formual. By computing the integral 



f x a 1 x a 3 (l-x 1 ) b (l-x 3 ) 1 

J 0<Xl <Xo,<Xz<l 



X" ^ '3 I -L X" 1 

'0<Xi<X2<X3<l 

(x 2 - xi) c (x 3 - x 2 ) c (x 3 - x\)dxidx 2 dx 3 



in two ways, we have 

r(o + i)r( c + i)r(6 + i)r(a + c + 2)r(& + c + 2) 

r(a + 6 + c + 3)r(a + 6 + 2c + 4) 

_r„(c + i) 2 . 



r$(2c + 2) 

and 



S£(a+l,6+l,c+l) 



r*(2c + 2, a + 1, 6 + 1, a + c + 2, 6 + c + 2) 



T$(c + 1, a + 6 + c + 3, a + b + 2c + 4) 



5J(a + l,6+l,c+l) 



7.3. Odd $-Selberg integral. We compute the following odd $-Selberg 
integral S$(a, 6, c) 
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First we consider the differential equations satisfied by 3 F 2 . For a cycle 
7, we consider the integral 

J* J* 

/( 7 )= / ^(i-t^-^ii-hy^ii-xhtzy^-^-i 

J-y H t 2 

We change coordinates to (t 2 ,t 3 ) with the relation xt\t 2 t 3 = 1. It is also 
expressed by similar integral expression. Using this expression, 

fu = r 1 F^(a 1 , a 2 , a 3 ; c x + 1 , c 2 + f ; x) 

fi2 = r 2 x~ Cl F^{a 2 - ci, a 3 - ci, ai - ci; c 2 - ci + f , -ci + f ; x) 
fi3 = r 3 x" C2 F$(ai - c 2 , a 3 - c 2 , a 2 - c 2 ; ci - c 2 + f , -c 2 + f ; x) 

with 

ri = S$(ai, ci - ai + l)!^^, c 2 - a 2 + f ) 

r 2 = S$(a 2 - ci, c 2 - a 2 + 1)-B$(a 3 - ci, -a 3 + f ) 

r 3 = S$(ai - c 2 , ci - ai + f )S$(a 3 - c 2 , -a 3 + f ) 



satisfies the same rational differential equation of t. Thus we have 

r$(ai, c\ — a\ + 1 , a2, C2 — a2 + f ) 

r$(ci + l,c 2 + f) 
r$(a 2 - ci, c 2 - a2 + 1, a3 - ci, -a 3 + 1) 

r$(-ci + c 2 + f , — ci + f) 

r$(ai - c 2 , ci - ai + 1, a3 - c 2 , -03 + 1) 
r<i>(-c 2 + ci + 1, — c 2 + f) 



They are integral of the following chains up to constant: 
7i = {(ti,t 2 ) e [0,f] 2 }, 72 = {(t 2 ,t 3 ) G [0,1] 2 }, 73 = {(t!,t 3 ) G [0,1] 2 }- 
We define a matrix F = (fi, f 2 , f 3 ) = (fij) by and 



, dfu , df 2 i 

Hi — x —j~i Hi — X ~T~ 

ax ax 



In general, we set 



f(7) = ( A ) , f'(7) = Jim ( x ) 



By setting 

'0 1 







aia 2 a 3 —a 2 a\ + c 2 c\ - a 3 ai - a 3 a 2 —a\ - a 2 - a 3 + c\ + c 2 
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we have 

dF = PF. 

Therefore 

det(F) = cx- Cl " C2 (l - x )- a i- a 2- a 3+ci+c 2 

with some constant c. By considering the limit for x = 0, we have 

c = rir 2 r 3 cic 2 (ci - c 2 ). 

Now we consider the limit for x = 1. Changing coordinate £1 = -^j-, £ 
we have 



a 3 d *l d *2 



/ ^(1 - ti) Cl " ai ^ 2 (l - t 2 ) C2 " a2 (l - Xtit 2 ) 

Jt Si 4" 



Under this coordinate, 7 2 is equal to 

72 = {0<£i<x&,0<£2<1}. 

We set 

75 = {^2<ei<i ! o<6<i} 

t = {x&<Zi < 1,1 <6 < -} 

a; 

Using the equality 

r u fj T r 1 

sin(Tra) / x a {u - xf{l - x) 7 — + sin(7r(a + /?)) / x a (x-w)^(l 

f 00 dr 
+ sin(7r(a + /3 + 7 )) / x Q (x - ufix - l) 7 — = 
Ji x 

we have the following relations for topological cycles. 
Lemma 7.4. We have 

sin(7rai) sin(7r(a3 — c\)) 
75 = — ( r7l H r-p r 72 

Sin(7TCiJ Sin(7TCiJ 

t = fei7i + A; 2 7 2 + /c 3 73 

_ sin(7r(c 2 - ai)) sin(7r(c 2 - a 3 )) 
3 sin(7rc 2 ) sin(7r(ci - c 2 )) 

a consequence, we have 

det(f( 72 ),f(7 5 ),f(r)) =Cx- Cl - C2 (l-x) Cl+C2 - ai - a2 - a3 

C =r$(a 2 , ci — ai + 1, c 2 - a 2 + 1, c 2 - a 2 + 1, -a 3 + 1) 
r$,(a 2 - ci, ci - ai + 1, a 3 - ci, -a 3 + 1) 
r$(— ai + 1, C2 — ai + 1, c 2 - a 3 + 1) 
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By taking a limit t — Y 1, since r is a vanishing cycle, we have the following 
theorem. 



=r$(a 2 , ci + c 2 - ai - a 2 - a 3 + 1, a 2 - ci, ci - ai + 1, a 3 - ci) 

r$(c 2 - a 2 + 1, -03 + 1) 
r$(— ai + 1, c 2 - ai + 1, c 2 - a 3 + 1) 

Corollary 7.6. 

Proof. We use Proposition 17.51 by settnig — a 3 — 1 = 2c, ci — a± = c 2 — a 2 = 
b — 1, a 2 = a 3 — ci = a hand have 



Proposition 7.5. 



(1) 




(2) 



det(f / ( 72 ),f / (75)) 




r$(2c+ a + b + 1, 2c+ a + 6 + 1, 2a + 26 + 2c) 



Since 



Sel$(x + y) a ,b,c 



2r$(a + 1 + c, 2c, b + c, 6, a) 



r*(c, a + 1 + 6 + 2c, a + b + c) 



We have 



S3 (a, 6, c) 

r$(a, 6, c+ 1, a + b + c, 2c + 2b, 2a + 2c+ 1) 



r$(2a + 2b + 2c, 6 + c, a + c+ 1, 2c+ a + 6 + 1) 



□ 



7.4. $-Dixon's theorem and its variants. We prove Dixon's theorem and 
its generalization using Selberg integral formula. 
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Proposition 7.7 (Dixson's theorem and its variant). (1) 

F$(2c, 6, a; 2c - a + 1, 2c - 6 + 1; 1) 
_T$(1 + c, 1 + 2c - a, 1 + 2c - 6, 1 + c - a - 6) 
~r$(l + 2c, 1 + c - a, 1 + c - 6, 1 + 2c - a - b) 

(2) 

F$(2c + 1, 6, a; 2c - a + 3, 2c - b + 3; 1) 



= ( r$(2c, 2c + 4-2a-26,c+l-6,c+l-a,c + 2-a,c + 2-6) 

- r,j>(2c + 2 - 26, 2c + 2 - 2a, c, c + 2 - a - 6, c + 3 - a - 6, c + 1) 
r,j>(2c-6 + 3, 2c-a + 3) 

2(b-l)(a-l)r< s> (2c+3-a-b,c+2-a,c+2-b,2c+2-2b,2c+2-2a,c,c+2-a-b,2c+l) 

(3) 

F<i,(2c + 1, 1, a; 2c - a + 3, 2c + 2; 1) 

(2c + l)(a - 2c - 2)(*(2c + 1) - *(c + 1) - *(2c + 3 - 2a) + tf(c + 2 - a)) 

= (^1) 
f/ere twe define 

ax 



Proof. 

r$(2c, -a + 1,6, 2c -26 + 1) 



F$(2c, 6, a; 2c - a + 1, 2c - 6 + 1; 1) 



r$(2c-a + 1,2c- 6+1) 

ar 2c_1 (l - x)- a y b -\l - y) 2c ~ 2b (l - xy)- a dxdy 

[0,1] 2 

x 6_1 (l - x)" a t & - 1 (x - t) 2c ~ 2b (l - t)~ a dxdt 

0<t<x<l 

=S$(b, -a + 1, c - 6) 

Here we change variables by (x, t) —> (x,y) = (x,t/x). By Selberg integral 
formula, we have the proposition. 

(2) Using even and odd Selberg integrals, we have 

T$(2c + 1, -a + 2, 6, 2c - 26 + 3) 



r$(2c-a + 3,2c-6 + 3) 



F$(2c + 1, 6, a; 2c - a + 3, 2c - 6 + 3; 1) 



I x 2c (l - x)- a+1 y b - 1 (l - y) 2c - 2b+2 (l - xy)- a dxdy 
J[o,i] 2 

f x b - 2 (l - x)- a+1 t b -\x - t) 2c - 2b+2 (l - t)~ a dxdt 

J0<t<x<l 



<0<t<x<l 

-Sel^((l - x)y) b - 1 - a+1;C - b+1 
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Therefore we have the proposition 
(3) We take a limit b -»• 1. 

F$(2c + 1, 1, a; 2c - a + 3, 2c + 2; 1) 
= - lim Sel$(l - (1 - x)(l - y) - (x - y) - xy) b - 1 - a+ljC - b+1 

Z b—tl 

(2c + l)(o-2c- 2)(*(2c + 1) - *(c + 1) - *(2c + 3 - 2a) + tf(c + 2 - a)) 

□ 

8. Brown- Zagier relation for associators 

8.1. Li's computation for Brown-Zagier relation. We have the folloing 

relations between F$(ai, ai, a 3 ; 61, 62) = ai, 03; 61, 62; 1) arising from 

relations in i7*' s (A^5, J"(ai, a 2 , a 3 ; b\, b 2 )) and H^, dR {M$, F(ai, a 2 , a 3 ; 61, 6 2 ))- 

Proposition 8.1. VFe /iai>e t/ie following equalities 

(1) 

-cc,z; 1 + 1 -y) 
=-F&(x, 1 - x, z; 1 + y, 1 - y) + 7^(1 + x, -x, z;l + y,l-y) 

(2) 

(8.1) F$(x,l-x,z;l + y,l-y) 

T^(l + y,l-x + y- z) . 
=7TTi , r~ t r-F'W x-y,z;x-y + z,l-y) 

r$(l + y, 1 - y, x - y + z - 1, 1 - z) 



+ 



T^(x,z,x - y,2 - y - z) 
F$(l — x + y,l + y — z, 1 — z;2 — x + y — z,2 — x — z) 

(3) 

F$(x, x - y, z; x - y + z, 1 - y) 
r$(l -x-y,l-y) 



-Fq,{—y + z, z, z; x — y + z,l — x — y + z) 



r$(l -y-z,l-x-y + z) 

Proof. The equality (1) follows from an equality in de Rham cohomology. 
The equality (2) follows from an equality for Betti cohomology and change 
of coordinates. The equality (3) follows by changing coordinate of integral 
expression. □ 

Since 

F*(ai, a 2 , a 3 ; c ls c 2 ) 6 1 + aiC[[ai, . . . , c 2 ]], 
we have the following proposition. 

Lemma 8.2. 

d 



. -F^(—y + z. z, z; x — y + z, 1 — x — y + z) 
az 



U=o- 
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Now we are ready to compute the function in Theorem 16.51 using Li's com- 
putation. 

Proposition 8.3. We have 

^-Fs>(x, 1 - x, z; 1 + y, 1 - y) 

az 

=*(1 + y) + ^(1 - y) - V{1 -x + y)- ^(1 -x-y) 

_^(*(l- af + y)-*(l- a; - y )-*(l-^) + *(l-^)) 

Proof. We compute the each term of the derivative of (18.11) . Using Proposition 
18.11 ([3]) and Lemma 18.2^ we have 

d /r*(l+j/, l-x + y-z) \ 

T TTTs ! ^{x, x-y,z;x-y + z,l-y) 

dz\T^{l- x + y, 1+y-z) J z=0 

d ( T$(l +y, 1-y, I- x-y, l-x + y-z) 



dz \r$(l — x + y, 1 + y — z, 1 — y — z, 1 — x — y + z) 
F<i>(—y + z, z, z;x — y + z,l — x — y + z) 



z=0 

=*(1 + y) + *(1 - y) - *(1 - x + y) - *(1 -x-y) 

We compute the derivative of the second term of (18.11) . Since lim^o r$(^)z 
1, we have 

d f T$,(l + y,l-y,x-y + z-l,l-z) 
dz\ r$(x, z, x — y, 2 — y — z) 

F$>{1 — x + y,l + y — z, 1 — z;2 — x + y — z, 2 — x — z) 

r*(l + y, l-y,x-y-l) 



T$(x, x — y, 2 — x) 

ys(x) 

{x -l)(x-y- l)s(y) 



z=0 

F*(l - a; + y, 1 + y, 1; 2 - x + y, 2 - 



F*(l - x + y, 1 + y, 1; 2 - x + y, 2 - x) 



By setting a = y + l,2c = y — x in the equality of Proposition 18.11 (J2J), it is 
equal to 

^(*( y -x + l)-*(l + ^)-*(l-x-y)-*(l-^)) 
Thus we have the proposition. □ 
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Proof of Theorem By Theorem 16.51 and Proposition 18.11 (pQ) and Propo- 
sition [8731 we have 



E2n+1 
c 3>,(01) n O(01)™-2/ 



x 2m 



n>0,m>0 



s(y) d 



2 

s (?/) 



=0 F$(x, l-x,z;l + y,l-y) + + x, -x, z;l + y,l-y) 



2^(1 + y) + 2^(1 - y) - *(1 + x + y) 



2 

- ^(1 - x - y) - ^(1 + x - y) - ^(1 - x + y)) 

s(x)/ T .„ x-f-y. T .„ x + y, _ ,„ x — y. y — x, 

' ^(1 H -) + ^(1 -) - ^(1 H -) - *(1 + y 



2V 2 ' N 2 ' 2 y ' 

- *(1 + x + y) - *(1 - x - y) + *(1 + x - y) + *(1 - y - x)) 
Using the equality 

*(i + ^) = ^ logiy* + 1) = ^(-^aw/- 1 

n=2 

we have the theorem. □ 
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